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1 Introduction

The goal of this lecture is to derive the first law of black hole mechanics. This is a very
important equation in black hole thermodynamics as it resembles almost exactly the first
law of thermodynamics. The first law of thermodynamics is written

dU =dQ+dW (1.1)

where U is the internal energy, @ is heat flow, W is work done on the system. d represents
an inexact differential’. This can be written as

dU = TdS + pdV (1.2)

plus any other work terms that may be relevant.
Our first law of black hole mechanics is going to look like this:

1
dM = Sflﬁ;dA—i—QHdJH (1.3)
Y

where M is the mass of a black hole, x is the surface gravity, A is the area of the event
horizon, Q7 is the angular velocity and Jg is the angular momentum. Note that throughout
this lecture I assume black holes are uncharged. All the results we derive can be extended
to charged black holes.

The first law of black hole mechanics is obviously formally analogous to the first law
of black hole thermodynamics, but it is also somewhat physically analogous. The internal
energy of a black hole really is just its mass, and the rotational energy of a black hole is a
measure of the work it can do (as I discuss more in lecture 6). Of course, the analogy breaks
down for the entropy term as a classical black hole has zero temperature. It isn’t until the

T.e. a differential that is path dependent.
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discovery of Hawking radiation that the area term can also be interpreted as physically
analogous to entropy term. But we are getting ahead of ourselves. Our job today is to
derive the first law of black hole mechanics.

We will do this in four parts. First, in order to have quantities like the mass, area of
angular momentum of a black hole, we need to integrate over spacetime regions. Therefore,
our first job is to learn how to do integration on manifolds. Once we can integrate, we
have to find quantities that can describe the mass and angular momentum of a black hole.
These will be the Komar integrals, and describe this quantities for stationary black holes.

Once we have defined M and Jy, we can derive the integral form of the first law of
black hole mechanics. This is a relationship between the absolute quantity of the mass,
angular momentum and area of a black hole.

Finally, we derive a differential form of the first law, which describes the relationship
between infinitesimal changes in these quantities.

2 Integration in General Relativity

Let M be a differentiable manifold. A p-form on M is an anti-symmetric (0, p)-tensor on
M.
The exterior derivative of a p-form, «, is defined as

[da]a1---ap+1 =(p+ 1)V[a1aa2‘..ap+1] (2.1)

A manifold of dimension n is orientable if it admits an orientation: a smooth, no-
where vanishing n — form, €4, q,. Two orientations are equivalent is € = fe where f is
an everywhere positive function. A orientation is right handed in a given coordinate chart
if it is everywhere positive, and left handed if it is negative.

Note: Any n-form X is related to € by X = he for some function h. X will define an
orientation provided h does not vanish, hence an orientable manifold admits precisely two
inequivalent orientations.

On an oriented manifold with a metric, the volume form is defined by

€12..n = \/m (22)

and the contraction of two volume forms for a n-dimensional Lorentzian spacetime is given
by

a1...0;Q541...an _ Ny oy elagisn an)
€Mt A e by = —(n —j)!j!éle "'5bn , (2.3)

Let M be an oriented manifold of dimension n. Let ¢ : O — U be a right handed
coordinate chart, {z#} and let X be a n-form. The integral of X over O is

/Xz/dajl...dm”Xlgmn (2.4)
(@] u

which is chart independent. To extend this over M, we simply sum over the integration of
all charts in an atlas, weighted by a partition of unity.
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The volume of M, and the integral of a function f on M, are given respectively by

/ « | re (2.5)

A manifold with boundary is defined in the same way as a manifold except that charts
map to open subsets of %R” = {(2'..2") € R*|2! > 0}. This is just a technical way of way
some dimension of the manifold is cut off at a boundary and has the natural interpretation.

Stokes’ theorem in general relativity:

Theorem 2.1. Stokes’ Theorem
Let M be an n-dimensional compact oriented manifold with boundary and let o be an
(n-1)-form on M which is C*. Then

/M o= /M “ (26)

where the dot denotes boundary, and d is the exterior derivative.

3 Komar Integrals

Now that we can integrate, we want an expression for the mass energy of a black hole
spacetime (or any spacetime for that matter).

In general relativity, the stress-energy tensor T, represents the energy properties of
matter. Using this the local energy properties relative to any observer will be well-defined.
Ve, = 0 represents local energy conservation, as it is defined at every point, but it
does not in general lead to a global conservation law. However, if the spacetime admits a
timelike Killing vector field then we do have a global conservation law in the usual form:

Lemma 3.1. If a spacelike admits a timelike Killing vector field £, then for any two
spacelike hypersurfaces ¥, ¥ which bound a region R, the total energy of matter on X is
equal to the total energy of matter on X' where the total energy of matter is given by

E(E) = _/ €a1a2a3chb§C (3'1)
by
I.e. E is a conserved quantity.

Proof.
VYT’ = (V)" + Top V€ = 0 (3.2)

Define

E(E) = _/Eeala2a3chb§c (33)

where €4, 45445 18 the volume form on the spacetime.
Now let ¥ and ¥’ bound a spacetime region R, as in figure 1. By Stokes’ theorem
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Figure 1. Kerr Black Hole Conformal Diagram

E(S) — E(S) = - / €arapasyTE° (3.4)
R

=4 [ Vistusmma T (3.5)

::€é€m@%wvwzkc (3.6)

Any n-form must be proportional to €. So

E[alagag\bvw]chéc = hea1(l2(l3d (37)
contracting the LHS and the RHS with €*192%3¢ gives

VI = h (3-8)

where we have used 2.3.
The LHS of (3.7) is zero, and so the RHS is also zero. Thus,

E(Y) - E(X) =0 (3.9)
O

Unfortunately, this quantity F(X) is no use. At no point have we used the Einstein
equation. 7Ty, therefore cannot be describing the total energy of the spacetime in any
useful sense as it cannot be capturing the energy possessed by, for example, a black hole
in a vacuum spacetime. Indeed, T,; need not be the tensor that appears on the RHS of
Einstein’s equation for the above derivation to be valid. We are clearly missing something.

Unfortunately again, there is no meaningful notion of the energy density of the gravita-
tional field in general relativity, so we cannot state a local conservation law for gravitational
energy and follow the same procedure as above. But fortunately, there does exists a useful
notion of the total energy of an isolated system, where by isolated we mean it can be
modelled as asymptotically flat.

The main desiderata of any adequate account of mass is that if a spacetime contains
mass M, a particle at r >> M should behave as if acted on by a Newtonian mass M.
What we are going to do is model the force required to keep a shell of unit mass density
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stationary around the region of spacetime that contains all the gravitational energy. We
will find this expression has the same form as the Newtonian expression for a shell around
a mass M. Therefore we equate the expressions, and thus get an expression for the mass.
Before modelling this, let’s prove a lemma that we will need:

Lemma 3.2. 5
v[a(ebc]devdfe) = nggdeeabc (310)

Proof.

eadevb(ecdefveff) — eadeecdefvbveéf
— _4v,vlagl (3.11)
=4V, V’¢
(where the second line uses (2.3) and the third line uses the Killing property.)

Using the definition the Killing property and the Ricci identity V,Vyw® + VpVw® =
Rflabwd, where w® is any vector field, one can prove

which implies
Vo V%%, = —Ri&. (3.13)
thus (3.11) gives
€N (€0gef VEET) = —4ARGED (3.14)

Contracting both sides with €4y, gives

2
v[a(ebc]devdge) = ngej‘fdeeabc (3.15)
as required. ]

Now, let us model our stationary shell of mass surrounding the region full of energy.
Consider a static, asymptotically flat spacetime that is vacuum near infinity. Normalise
the Killing vector field £ so that |¢| = (—£,6%)'/2 — 1 at infinity. The four-velocity of a
particle following an orbit of £ (i.e. stationary) is v* = £%/|¢|, and the four-acceleration is

ab = vV 0 (3.16)

which is the local force that must be exerted to hold a unit mass in place. The force that
must be exerted at infinity is red-shifted by a factor |¢| to give a® = v?V £, Thus, suppose
we have a shell S of unit surface mass density in the Cauchy surface orthogonal to v*. Then
the force required to keep this shell on a stationary orbit is just the integral of @’ normal
to S over the surface S.
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F—/nbvava&,ecd (3.17)
S

where n® is the unit vector normal to S, and €.4 is the volume element on S.

By Killing’s equation we can throw away the symmetric part of n’v®, leaving vl®n?.
Now N = 2¢l91! is the unit tensor normal to S. Thus —6N[4p€cd) = €abed, the volume
form on the entire spacetime. Substituting this in

FZ_l/Gabcdvcgd (318)
2Js

Now we need to show this is independent of S. Let S be entirely in the vacuum region,
s0 Rgy = 0. Then by our lemma 3.1, v[a(ebc]devdge) = 0. Applying Stokes’ theorem to
any volume V bounded by two surfaces S and S in the vacuum region, one gets

/v[a(ebc]devdge) :/ebcdevdge_/ 6bcclevdge:o (319)
14 S S’

And so our force F' is independent of S.

In Newtonian gravity the force required to hold a shell of unit mass density in place is
also independent of the shape of the shell and is given by 47 M. We therefore equate this
force in general relativity and write

-1
M=—" €weaVE 2
87r/56bdv§ (3.20)

This is called the Komar mass, and is the mass of all stationary asymptotically flat
spacetimes that are vacuum near infinity. This is obviously conserved, and it is clearly very
closely associated with the time translation symmetry; a nice feature of a definition of mass
indeed. We also have used Einstein’s equation in this derivation, making sure therefore it
is fundamentally general relativistic.

I state without proof that one can also write the angular momentum of an axisymmetric
spacetime as

1

- I VAT 3.21
167r/sebd P (3.21)

where 9 is the spacelike Killing vector field which generates a 1-parameter group of isome-
tries isomorphic to U(1). J here is the angular momentum of the spacetime, and both J
and M are equal to their notational equivalents in the Kerr spacetime.

The Komar mass is only for stationary spacetimes. For non-stationary spacetimes,
we use the ADM mass. For this we restrict attention to those spacetimes that admit a 3
+ 1 decomposition, which allows us to write down a Hamiltonian formulation of general
relativity. One finds that the Hamiltonian takes the form H = Hy + H' where Hy = 0
for any solution satisfying the constraint equations, and H’ a surface term. Therefore,
E py = H', which takes the form of an integral over the boundary of a 3-slice.

Armed with well defined notions of mass, let’s derive the integral form of the first law
of black hole mechanics.
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Figure 2. Kerr Black Hole Conformal Diagram

4 Integral Form

Consider a Kerr Black Hole, the unique solution for an uncharged, spherically symmetric
spacetime. The conformal diagram for such a black hole is given by figure 2. However, we
believe that physical black holes form from the collapse of stellar matter. Modelling this
matter as uncharged, we replace most of our conformal diagram with this matter, which
gives us a new diagram depicted in figure 3. The final mass and angular momentum of the
black hole is determined by the mass and angular momentum of the collapsed matter.

Now, consider a Cauchy surface that intersects the horizon after the matter has all
crossed the horizon. Such a Cauchy surface, call it X, is displayed in figure 3. Let H be
the event horizon, and let H be the 2-surface H N X. Thus, H is a boundary to 3.

We know that the Kerr black hole admits a timelike killing vector field £%, and az-
imuthal killing vector field, ¥, and another killing vector field that is tangent to the
generators of the event horizon on the horizon
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Figure 3. Kerr Black Hole Conformal Diagram

X = €+ Qe (4.1)

where Qp is interpreted as the angular velocity of the black hole.? These will be used to
calculate the mass and angular momentum of our black hole.
From the previous section, the Komar integral for the total mass of a stationary,
asymptotically flat spacetime is given by
—1 ced
M= — €abedV (42)
81 S
where S is a two sphere at infinity.

We want an expression for the M in terms of state variables. To get this, we apply
Stokes’ theorem to our expression for the Komar mass.

-1

M = / 6abcdvcé‘d
871' S
—1

= 87 d(eabcdvcfd)
T Jn

(4.3)

2This interpretation comes from modelling the angular velocity d¢/dt of an observer who’s angular
velocity comes entirely from the rotation of the spacetime. As such an observer approaches the event
horizon of a rotating black hole, the angular velocity becomes Q. See [1] chapter 12.3 for details.



173

174

175

176

177

178

179

180

181

182

183

184

185

186

188

We can split this integral into two parts; one over the interior of the black hole to H,
and the other from H to infinity. Call these portions Y;,; and Y.+ respectively. For the
integral over X;,; we can use Stokes’ theorem again to turn the integral over the interior
of the black hole into an integral on H.

-1 1
- _ - d " cedy & ced 4.4
st /s, (€abcaVeET) 87_‘_/H€abcdv§ (4.4)
Regarding the first term
-1 d(€apeaVeED)
ST . abed
—3 dge
= 87 V[a(ebc}deV § )
Q0 Eewt (45)
-1 Reé-d
= - €cabe
47T Ee:ct ¢ ’

1
-2 [ (T TR e
Yext 2

where in the third line we have used (3.10), and the in the fourth line we have used
Einstein’s equation.

For the second term, we use equation (4.1) so that

1
8/ 6abcdvcgd
T™JH

1 d 1 d

- - aoc: ¢ _Q o a ¢ *
87r/€deX HSW/EbchdJ (4.6)
1

= €abed VX — 201 Ty
87T H

where we have used the (3.21), the Komar integral for the angular momentum Jy of the
black hole.

To evaluate the first term in the last line of (4.6), note that the volume element €4,
on H is given by €4, = eabcdncxd where n® is tangent to the future directed null normal to
H, normalised to n%x, = —1. Thus

€ €apea VX" = €I nox peanca VX! = —dnexaVox" = —4k (4.7)
where for the second equality we have used again (2.3), and for the third we have used the
definition of surface gravity, x’Vaxs = —rXa. Therefore, we can write

1
/ €abed VX" = B / (e ecreaVexT)ea = —2xA (4.8)
H H
Hence,



189

190

191

192

193

194

195

197

198

199

200

201

202

203

204

205

206

207

208

209

210

211

212

213

214

215

Theorem 4.1. First Law of Black Hole Mechanics for an Uncharged Black Hole (Integral
Form)

1 1
M = 2/ (Tj — 7T5§)§dembc + —rkA+2QyJy (4.9)
Sent 2 4

The first term can be viewed as a contribution from the matter in the region exterior
to the black hole, and the second and third terms can be viewed as the contribution by the
black hole. Therefore, we can write down a vacuum version of the first law in integral form

Corollary 4.1.1. First Law of Black Hole Mechanics in Vacua for an Uncharged Black
Hole (Integral Form)

1
M = ZHA—FQQHJH (4.10)
7

This is a useful expression but holds little philosophical interest. It is just an equation
of state for the black hole. Indeed, the first law of thermodynamics is only well stated in
its differential form; there is no good notion of the absolute amount of work possessed by
any thermodynamic system. Therefore, if we want to draw an analogy between black hole
mechanics and thermodynamics, we need to write the above first law in a differential form.
I will describe two ways to this result.

5 Differential Form

5.1 Energy Balance

To calculate how the variables change with respect to each other, we need to consider
two spacetimes and calculate the different Komar integrals in each. Thus we consider two
spacetimes (M, g) and (M, g+ dg). We define

h = 69" = —g"¢" 6 gea (5.1)

as the perturbation metric. Consider this to be a tensor field in the spacetime (M, g). Now
define the vector

v? = Vi (h® — g°°h) (5.2)

where h = h{.

Note that V,v* = 0 is the trace of the perturbed Einstein equation (—%Vavch —
%vabhac + VbV(cha)b = 0), and so is true by Einstein’s equation (see chapter 7 in [1]).
We also have V,£% = 0 by Killing’s equation. Also note that for a stationary perturbation,
Lev® = 0.2 The Lie derivative of a vector field Y with respect to X is equal to the
commutator of these vector fields, [X,Y]*. Thus, [£,v]* = 0.

Given these properties we have

3As a reminder, the Lie derivative £xT is found by comparing the tensor T at a point p to the push
forward of T" by the diffeomorphism that maps points to points a parameter distance ¢ along the integral
curves of X, where X is a vector field, in the limit as ¢ — 0.

~10 -
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Lemma 5.1.

(d(€peaev™€®)]a = 0 (5.3)
Proof.
1
Va(0"") = 5 (1"Va (") — €°Va(2")) = 0 (5:4)
where for the first equality we have used V,£% = V0% = 0, and for the second we have
used [£,v]* = 0.
Therefore,

[d(fbcdevdé.e)]a = 3v[a(€bc]devd§e) =0 (55)

where the second equality follows from (5.4).

Therefore, by Stokes’ theorem, if we take ¥ to be some three-dimensional volume
bounded by two two-spheres, 31 and 2o, we find

/d(ebcdevdfe):(]:/ Ebcdevdfe—/ ebcdevdfe (56)
by 1 3o

Now let 31 = S, the two sphere at infinity, and Yy = H, the intersection of the horizon
with a Cauchy surface, we get,

/S €bcdel V(R4 — gih) = /H €bedelV (R4 — gTh) (5.7)

It is proven by Bardeen, Carter and Hawking (1973) in [2] that the LHS is equal to
8mdM , and that the RHS is equal to —2Adk — 16w JdS2g, thus

dM = 81(—2Adm — 167Jd) (5.8)
Y

Returning to equation (4.10), we vary this to get

1
dM = Z(Adﬁ + HdA) + 2(JHdQH + QdJH) (5.9)
T
and we add equations 5.8 and 5.9 together to get

Theorem 5.2. First Law of Black Hole Mechanics for an Uncharged Black Hole (Differ-

ential Form)

1
dM = kA +QdJy (5.10)
Y8

In reality, we have modelled the the variation between two spacetimes, (M,g) and
(M, g+ dg), where the dg represents a slight increase in the mass of the black hole, and we
track the changes to the angular momentum and area on the horizon. This approach can
be generalized to non-stationary perturbations, non-vacuum spacetimes and also to include
a electric potential term for charged black holes. We now turn to another approach.

- 11 -
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5.2 Partial Derivative Method

This method relies on another result: the so-called ‘no-hair theorem’. The heuristic state-
ment of the theorem is that a black-hole is completely described by three parameters, its
mass M, its charge () and its angular momentum J. However, the ‘no-hair theorem’ is a
misnomer, because there are in fact many theorems that contribute to the impression that
black holes are completely described by these three parameters, and none of these theorems
proves exactly what is stated in the heuristic version. I will therefore call this the ‘no-hair
conjecture’.

Consider as an example a foundational theorem which contributes to the no-hair con-
jecture is the following:

Theorem 5.3. Kerr Uniqueness 1 [3] [4]
If (M, g) is a stationary, azisymmetric, asymptotically flat vacuum spacetime suitably
reqular on, and outside, a connected event horizon then (M,g) is a member of the 2-

parameter Kerr [5] family of solutions. The parameters are mass m and angular momentum
J, and |J| < M.

The limitation of theorems such as this is clear; it only applies to vacuum spacetimes,
and thus clearly do not guarantee the conjecture holds for astrophysical black holes. Results
such as these [6] have been generalised somewhat [7], but still a completely general proof
of the conjecture is not available.* Despite this, support for the conjecture is very strong,
and for this derivation we will assume the conjecture is true.

Given the conjecture, we can write

Alg=o = A(M, J) (5.11)

Going forwards, I will suppress the () = 0 subscript, keeping the uncharged assumption
implicit. Assuming that this function is C'! in both variables, we can then write

A
dA(M,J) = S—M

0A
AM + ==| dJ (5.12)
J aJ M

We can’t use expression (4.10) to compute these partial derivatives as this is also a
function of k and Q. Instead, we use results from the analysis of the Kerr metric. In
Boyer-Lindquist coordinates, (¢,r,0, ¢), the Kerr metric takes the form

A — 2 2
ds® = —a;mw)dt2 — 2asin?(6)

(r? + a?)? — Aa?sin%(0))
n ( -

r2+a?2 - A
PN

) sin? 0d¢? + %er + 2db?

dtde
(5.13)

where a = Jy /M

“Indeed, Haco et al [8] have argued that black holes have ‘soft-hair’, but these results are beyond the
scope of the current discussion.

- 12 —
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¥ =1r% 4 a’cos? (5.14)

A =712 —2Mr+ a? (5.15)

There is a coordinate singularity at A = 0, which when solved gives r+ = M +
VM? —a?. These correspond to the inner and outer horizons, which have interesting
properties we will not study here. We will only be concerned with the outer horizon, which
is the radius at which null geodesics cannot escape. We want to know the area of H,
defined by r;. The induced metric on H for a Cauchy surface such that dt = 0 will be
h = ggedh? + g¢¢dd>2. The volume form on this orientable two-surface is then ey = m .
Hence we can calculate the area of H.

A= / /960944 d0d ¢
’I’=7‘+

= / (r? + a®)sinfdfdg
r=ry
= 4n(ri +a?)
= 4w (M? + 2M~/ M2 — a2 + M? — a® + d?)

= 81(M? + M/ M2 — a?)

I claim without proof that, from the definitions of x and Qp, for the Kerr metric

(5.16)

M2 — a2
K= (5.17)
2M2 + 2M /M2 — a?
Q= - (5.18)
2M?2 + 2M~/ M? — a?
Therefore, computing our partial derivatives gives
0A 8T
J
and
0A —8mQy
M

Thus we recover theorem 5.2, the first law of black hole mechanics in differential form.
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